Unified pictures of Q-balls and Q-tubes 
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While Q-balls have been investigated intensively for many years, another type of nontopological 
solutions, Q-tubes, have not been understood very well. In this paper we make a comparative study 
of Q-balls and Q-tubes. First, we investigate their equilibrium solutions for four types of potentials. 
We find, for example, that in some models the charge-energy relation is similar between Q-balls and 
Q-tubes while in other models the relation is quite different between them. To understand what 
determines the charge-energy relation, which is a key of stability of the equilibrium solutions, we 
establish an analytical method to obtain the two limit values of the energy and the charge. Our 
prescription indicates how the existent domain of solutions and their stability depends on their shape 
as well as potentials, which would also be useful for a future study of Q-objects in higher-dimensional 
spacetime. 



PACS numbers: 03.75.Lm, 11.27. +d 



I. INTRODUCTION 

Among nontopological solitons, Q-balls have attracted 
much attention because they can exist in all supersym- 
metric extensions of the Standard Model [l[ . Specifically, 
they can be produced efficiently in the Affleck-Dine (AD) 
mechanism [2J and could be responsible for baryon asym- 
metry Q and dark matter Q • Q-balls can also influence 
the fate of neutron stars Based on these motivations, 
stability of Q-balls has been intensively studied [6H9j . 

In spite of these concerns about Q-balls, other equi- 
librium solutions have not been studied so much, while 
topological defects have several types according to the 
symmetry. For example, observational consequences by 
cosmic strings, such as gravitational lenses and the grav- 
itational wave have been argued for years [To| • 

From this point of view, other types of nontopological 
solutions may play an important role in the the universe. 
Recently, two types of nontopological solutions was dis- 
cussed: Q-tubes and Q-crust, which mean tube-shaped 
(or string-like) and crust-shaped solutions, respectively 
[111 ]. As for Q-tubes, some numerical studies manifested 
sign of their appearance. First, it has been reported that 
a filament structure appears just before Q-ball formation 
in the numerical simulations [l2j . Second, according to 
the simulations of the collision of two Q-balls, two appar- 
ent rings are formed 13] . We conjecture that the filament 
structure and the rings are Q-tubes. 

In [lll | numerical solutions were investigated for the 
potential, 



which we call the V3 model. In the case of Q-balls 0- 
;8j, however, the charge-energy relation, which is a key of 
stability of the equilibrium solutions, is quite dependent 
on potentials V((f>). Therefore, our first concern is how 
Q-tube solutions depend on potentials. 

Our second concern is how different in the charge- 
energy relation between Q-tubes and Q-balls. This 
shape-dependence is closely related to the dimension- 
dependence because a cylindrical Q-tube in 3+1 space- 
time is equivalent to a "Q-ball" in 2+1 spacetime if we 
ignore gravity. If this dimension-dependence becomes 
manifest, it would be useful for investigating other Q- 
objects or those in higher-dimensional spacetime [l3 |. 

For these reasons, in this paper, we make a compar- 
ative study of Q-balls and Q-tubes. This paper is or- 
ganized as follows. In Sec. II, we explain briefly what 
Q-balls and Q-tubes are. In Sec. Ill, we investigate their 
equilibrium solutions numerically for four types of poten- 
tials. In Sec. IV, we evaluate analytically the limit values 
of the energy and the charge. In Sec. V, we devote to 
concluding remarks. 
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fi(j) 3 + A0 4 with m 2 , fj,, A > 0, (1) 



II. EQUILIBRIUM SOLUTIONS 



Consider an SO(2)-symmetric scalar field <fi 
whose action is given by 
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A. Q-balls 



For a Q-ball, we assume spherical symmetry and ho- 
mogeneous phase rotation, 



4> = 4>(r)(cos uit, siauit). 
One has a field equation, 



dr 2 



dr 



+ L)*6 = 



dV 



(3) 



(4) 



This is equivalent to the field equation for a single static 
scalar field with an effective potential 



V U = V- \u 2 <t> 2 . 



(5) 



Equilibrium solutions <p(r) with a boundary condition 

^(r = 0) = 0, 4>(r -+ oo) = 0, (6) 
dr 

exist if min(VL) < V u (0) and d 2 V„ / d<f> 2 (0) > 0. This 
condition is rewritten as 



2V 



< u> < m 



■-£<w. 



(7) 



where we have put V(0) = without loss of generality. 

For a Q-ball solution, we can define the energy and the 
charge, respectively, as 



E = 4tt 



= 47rw / r <j) dr. 
'o 



(8) 



The Q-i? relation is a key to understand stability of equi- 
librium solutions in terms of catastrophe theory [8j. 



B. Q-tubes 



For a Q-tube, we suppose a string-like configuration, 



4> — (f>(R)(cos(n(p + uit), sin(n(^ + tut)), 



(9) 



where n is nonnegativc integer and (R, ip, z) is the cylin- 
drical coordinate system. The field equation becomes 



d 2 (f> 1 d(j> 
dR 2 + RdR 



n 4> 



dV 
14' 



(10) 



In the case of n — 0, the field equation is the same as (@| 
except for a numerical coefficient. Therefore, Q-ball- like 
solutions of 4>(R) exist if the condition (0 is satisfied. 

In the case of n > 1 , there is no regular solution which 
satisfies 0(0) 7^ 0. However, if we adopt a different 
boundary condition, 



(j,(R = 0) = cf)(R^ 00) = 0, 



(11) 
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(b) 

FIG. 1: Interpretation of (a) Q-balls and n = solutions in 
Q-tubes and (b) n > 1 solutions in Q-tubes by analogy with 
a particle motion in Newtonian mechanics. 



there is a new type of regular solutions. We introduce an 
auxiliary variable ip which is defined by <j>(R) = R n ip(R), 
Then, Eq. ([T0|) becomes 



d 2 if) 2n + 1 dip 
dR 2 + R dR 



+ uj 2 iP = R- 



,dV 



(12) 



<j>=R^ip 



3 





lower limit of uj 2 


upper limit of w 2 


Type I: mm[V] = 


min[2V/0 2 ] (thin) 


m 2 (thick) 


Type II: min[V] < 





m 2 (thick) 



TABLE I: Two types of Q-balls/Q-tubes solutions and two 
limits of uj 2 . 



If we choose ^(O) appropriately, we obtain a solution 
?/>(i?) which is expressed in the Maclaurin series without 
odd powers in the neighborhood of R = 0. In terms of 
the original variable <j>(R), the nth differential coefficient 
0(™)(O) = ijj(0) should be determined by the shooting 
method, while any lower derivative vanishes at R = 0. 

In the same way as for Q-balls [l5[ , existence of Q-tube 
solutions can be interpreted as follows. If one regards the 
radius R as 'time' and the scalar amplitude (f)(R) as 'the 
position of a particle', one can understand n — solutions 
in words of Newtonian mechanics, as shown in Fig. HJa). 
Equation (|10[) describes a one-dimensional motion of a 
particle under the conserved force due to the potential 
—V U1 (4>) and the 'time'-dcpendent friction — (1 / R)d(f> / dR. 
If one chooses the 'initial position' 0(0) appropriately, the 
static particle begins to roll down the potential slope, 
climbs up and approaches the origin over infinite time. 

Similarly, we can also understand n > 1 solutions as 
shown in Fig. [IJb). In this case, there are two non- 
conserved forces, the friction —(l/R)d<j>/dR and the re- 
pulsive force n 2 (j) 2 /R 2 . If n = 1, by choosing the 'ini- 
tial velocity' d<j>/dR(Q) appropriately, the particle goes 
down and up the slope, and at some point <f> = </> ma x it 
turns back and approaches the origin over infinite time. 
If n > 2, dcf>/dR(Q) vanishes; instead, the nth derivative 
<^( n )(0) gently pushes the particle at <j> = 0. Therefore, 
with the appropriate choice of the particle moves 

along a similar trajectory to that of n = 1. This argu- 
ment also indicates that the existence condition of n > 1 
solutions are the same as that of n = solutions, (J7J). 
Solutions with the same behavior as the n = 1 solutions 
were obtained by Kim et ai[lg], who studied the SO (3)- 
symmetric scalar field without Q-charge. 

Because our Q-ball solutions are infinitely long, the 
energy and the charge © diverge. We therefore define 
the energy and the charge per unit length, respectively, 



e = 2tt / RdR I \uj 2 <P 2 + I I ^ 



2 \dR 



'w 2 



V 



q = 2ttu / R(j) 2 dR. 
Jo 



Type I: min[V((j))} = V(0) = 0. In this case 
min[2VV</> 2 ] is also positive and the lower limit of u>. The 
two limits uj 2 — >min[2V / <j> 2 } and uj 2 — > m 2 correspond to 
the thin-wall limit and the thick-wall limit, respectively. 

Type II: min[V(0)] < 0. In this case min[2I<7</> 2 ] is 
negative. Because to 2 > 0, there is no thin-wall limit, 
lo 2 — !-min[2T'7</> 2 ]. The thick-wall limit, uj 2 -> m 2 , still 
exists. 

The two limits of u> 2 for the two types of solutions are 
summarized in Table I. 
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FIG. 2: The field configurations of the scalar field for Q-tubes 
in the V 3 model with m 2 = 0.6 (Type I): (a) e 2 = 0.01 (thick- 



(13) wall) and e = 0.48 (thin-wall). 



C. Two types and two limits 



III. SOLUTIONS IN VARIOUS POTENTIALS 



The existence condition §E§ indicates that both Q-balls 
and Q-tubes are classified into two types of solutions, 
according to the sign of min[V(<^)]. 



Here we investigate equilibrium solutions of Q-balls 
and Q-tubes for four types of potentials. 



4 




0.5 



200 400 600 800 1000 1200 1400 

Q 
(b) 



-0.1 

200 400 600 800 1000 1200 1400 

Q 

FIG. 3: (a) Q-E and (b) Q-e 2 relations for Type I Q-balls in 
the V3 model: rh 2 = 0.6. 
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FIG. 4: (a) q-e and (b) q-e 2 relations for Type I Q-tubes in 
the Vz model: m 2 = 0.6. 
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A. V3 model 

First, we summarize the previous results in the V3 
model ((TJ We rescale the quantities as 

7 . V\ _ VA" 

<p = —(p, m = — m, uj — — u, 
H fi fi 

ii * A 3/2 



f =^=r, E= E, Q = XQ, 

R = ~j=R, e = —e, q = q, 

VA M M 



and define a parameter, 



2 _ ~ 2 ~i 
e = m — uj . 



(14) 



(15) 



< e 2 < i for m 2 > ^ (Type I) 
< e 2 < m 2 for m 2 < ^ (Type II). 



(16) 



Then, the existing condition (J7J for the two types be- 



The limits e 2 — > 1/2 and e 2 — > correspond to the thin- 
wall limit and the thick- wall limit, respectively. As we 
discussed in the last section, however, in Type II solutions 
there is no thin- wall limit and the upper limit of e 2 is m 2 
instead of 1/2. 

Figure [2] shows examples of the field configurations of 
Q-tubes. We fix m 2 = 0.6 (Type I), and choose e 2 = 0.01 
(thick- wall) in (a) and e 2 = 0.48 (thin- wall) in (b). In 
each diagram we show the three solutions n = 0, 1 and 
2, which indicates that the maximum amplitude of the 
scalar field <fi max for n — is largest among them. We 
can understand it by analogy with the Newtonian me- 
chanics in Fig. [T] For n > 1, the particle must make a 
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round trip while it goes an one-way for n = 0. Neverthe- 
less, </> max in ah cases are qualitatively unchanged which 
means that the conservation law of energy approximately 
holds in words of the Newtonian mechanics. Of course, 
the behavior of a Q-ball is similar to that of a Q-tube for 
n = 0. These properties are independent of potentials, 
which is important in understanding Q-balls and Q-tubes 
in an unified way as we shall see in Sec. IV. 

We show the charge-energy-e relations for Type I 
(to 2 = 0.6): Q-balls in Fig. \5\ and Q-tubes in Fig. g] 
As for Q-tubes, we show results for n = 0, 1 and 2. Sim- 
ilarity between Q-balls and Q-tubes is quite remarkable. 
In the thin- wall limit (e 2 — > 1/2), we confirm that Q, E, 
q and e diverge. In the thick- wall limit (e 2 — > 0), on the 
other hand, these quantities approach zero. 

We also show the same relations for Type II (to 2 = 
0.3): Q-balls in Fig. [5] and Q-tubes in Fig. [5] The crucial 
difference from Type I is that Q and q approach zero in 



the upper limit e 2 — > to 2 while E and e have nonzero 
finite values corresponding to the points C . As a result, 
Q, E, q and e have maximum values for intermediate 
value of e 2 corresponding to the points B where cusp 
structures appear in Figs.[5]and[n](a). The stability of Q- 
balls and Q-tubes can be understood using catastrophe 
theory [17]. Solutions from the point A to B is stable 
while B to C unstable. 



The extreme values of the energy and the charge of 
Q-balls and Q-tubes in the V3 model are summarized in 
Table II. 
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e 2 -«rrin[l/2, m 2 ] 


e 2 -> (thick) 


Type I: m 2 > 1/2 


E, Q, e, g — > oo 


E, Q, e, g ->• 


Type II: m 2 < 1/2 


E, e — monzero finite 
Q,g^0 


E,Q,e, q ->• 



TABLE II: Extreme values of the energy and the charge of 
Q-balls and Q-tubes in the V3 model. 



B. the 14 model 



Second, we consider another simple potential, 



14(0) := 



with 



A, M 



>0, 
(17) 



which we call the V4 model. We rescale the quantities as 



Vam' 

r = XMr, E = 
R = XMR, e = 



m 

AM' 



a; 

AM' 



E 
M' 



AM 2 



Q = AQ, 



(18) 



and again define a parameter e by (I15|) . 

Then the existing condition is identical to (|TB)) in the 
V3 case. We show the charge- energy- e relations in Figs. 
[71T01 Type I Q-balls in Fig. Type I Q-tubes in Fig. 
Type II Q-balls in Fig. El and Type II Q-tubes in Fig. 
fTUl Contrary to the case of the V3 model, qualitative 
difference between Q-tubes and Q-balls appears. The 
extreme values of the energy and the charge of Q-balls 
and Q-tubes in the V4 model arc summarized in Table 
III. 
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FIG. 7: (a) Q-E and (b) Q-e 2 relations for Type I Q-balls in 
the V4 model: in 2 = 0.6. 



FIG. 8: (a) q-e and (b) q-e 2 relations for Type I Q-tubes in 
the V4 model: in 2 = 0.6. 
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e 2 -Mrrin[l/2, m 2 ] 


e 2 -> (thick) 


Type I: m 2 > 1/2 


E, Q, e, g — s- oo 


I?, Q — > oo 
e, g — monzero finite 


Type II: m 2 < 1/2 


£, e — monzero finite 
Q,q^ 


E,Q -> oo 
e, g ^-nonzero finite 



TABLE III: Extreme values of the energy and the charge of 
Q-balls and Q-tubes in the V4 model. 



The structures of the solution series of Type II Q-balls 
and Q-tubes are not simple. In the case of Q-balls, there 
are two cusps in the Q-E diagram, B and C. Only the 
solutions between these two points represent stable solu- 
tions. In the case of Q-tubes, a cusp appears for n = 0, 
while no cusp appears for n > 1. 



C. AD gravity- mediation type 

From the theoretical point of view, it is important 
to investigate Q-tubes as well as Q-balls in the AD 
mechanism. There are two types of potentials: gravity- 
mediation type and gauge-mediation type. Here we con- 
sider the former type, 



with 



1 + K\n 



M 



, M > 0. 



We rescale the quantities as 

<t> UJ 



M' 



''grav. 



X, 



E 



E 



(19) 
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FIG. 11: (a) Q-E and (b) Q-e 2 relations for V grav .: K = -0.1. 



i? = m grav .i?, e=-—r, q 



M 2 ' 



M 2 



and define a parameter e as 

,2 



I -Co 2 . 



The existing condition (J7]) becomes 
K<0, e 2 < 1. 



(20) 



(21) 



(22) 



Thus, e 2 is not bounded below, which is in contrast to the 
V3 and V4 models. Only Type II solutions exist in this 
model unless we introduce additional terms in the po- 
tential. We show the charge-energy- e relations: Q-balls 
in Fig. [TT] and Q-tubes in Fig. [T^J The extreme values 
of the energy and the charge of Q-balls and Q-tubes in 
the gravity-mediation type are summarized in Table IV. 
There is no qualitative difference in the charge-energy 
relation between Q-balls and Q-tubes. These properties 
are common to Type II solutions in the V3 model. 
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FIG. 12: (a) q-e and (b) q-e 2 relations for V gTSlV .: K = -0.1. 





e 2 1 


e 2 -> — oo (thick) 


Type II 


E, e —^nonzero finite 
Q,q^ 


E, Q, e, f ->• 



TABLE IV: Extreme values of the energy and the charge of 
Q-balls and Q-tubes in the AD gravity-mediation type. 



D. AD gauge- mediation type 

Finally, we consider the gauge-mediation type in the 
AD mcchanicsm, 



o i with m gaugc > 



We rescale the quantities as 



ui 



(23) 



rn 



gauge 



'gauge 
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FIG. 13: (a) Q-E and (b) Q-e 2 relations for V gi 



V — ^gaugc^i E — 
R — ?TZgaugc^; 6 — 

and define a parameter e as 



E 



Q = Q, 



'gauge 



'gauge 



e 2 = 2-Q 2 . 



(24) 



(25) 



Then the existing condition (JJJ becomes 

< e 2 < 2. (26) 

Only Type I solutions exist in this model. We show the 
charge-energy- e relation: Q-balls in Fig. [TBI and Q-tubes 
in Fig. [T4j The extreme values of the energy and the 
charge of Q-balls and Q-tubes in the gravity-mediation 
type are summarized in Table V. These properties are 
common to the Type I solutions in the V4 model. 
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FIG. 14: (a) q-e and (b) q-e relations for V g 





e 2 -> 2 (thin) 


e 2 -> (thick) 


Type I 


E,Q,e,q — > 00 


£7, Q — > co 
e, g — monzero finite 



TABLE V: Extreme values of the energy and the charge of 
Q-balls and Q-tubes in the AD gauge-mediation type. 



IV. UNIFIED PICTURE OF Q-BALLS AND 
Q-TUBES 

Our numerical results in the last section indicate that 
the charge-energy relation of equilibrium solutions de- 
pends a great deal on functional forms of the potential 
V (</)). In this section we discuss what determines the ex- 
treme values of the energy and the charge by analytical 
methods. As we explained in Sec. II, we can under- 
stand Q-balls and Q-tubes in words of a particle motion 
in Newtonian mechanics. In Fig.Q] if we ignore 'non con- 
served force' the maximum of <j>, </> max , is determined by 
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the nontrivial solution of V u — 0. Using this 4> max , we 
can evaluate the order of magnitude of the energy and 
the charge, ((8]) and (fT3| . as 



E - 


3 1 

max A 


f 2 L - 


Q - 




r max ! 


e r 


- fi 2 < 

max 




q - 


° ^^ma> 







2 

max 



2H 2 

iJl max 



(27) 



where the subscript "max" denote the values at which 
4> — 0max ■ As for i?max for n = or fmax , it is reasonable 
to take R or f where <j> becomes about O.50 m ax- 

What we want to discuss is whether E, Q, e and q 
approach zero, infinity or nonzero finite values as e 2 ap- 
proaches the upper or lower limit. The approximate ex- 
pression l|27p is appropriate for this purpose. 

First, we discuss the upper limit of e 2 , or equiva- 
lently, the lower limit of w 2 . In Type I solutions, where 
min[V] = V(0) = 0, in the limit of uj -^min[2V7</> 2 ], the 
minimum of approaches zero. In this case, in the 
Newtonian-mechanics picture of Fig. 1, a particle rolls 
down from the top of the hill over infinite time, i.e., i? m ax 
diverges. This limit corresponds to the thin-wall limit. 
From the expression (|2"T)) . we see that Q, E, q and e 
diverge. 

On the other hand, in the Type II solutions, where 
min[V] < 0, because V u < V, there is no limit of 
minK; — > 0. Therefore, Q, E, q and e must have their 
upper limits. 

Next, we investigate the lower limit of e 2 , or equiva- 
lently, the upper limit of uj 2 . This limit corresponds to 
the thick-wall limit. Except for the Vg rav . model, e satis- 
fies 



1 d 2 V^ 



(0), 



(28) 



which means that e is the mass scale of V u normalized by 
to. Therefore, the wall thickness normalized by m is of 
order of 1/e. Because the radius and the wall thickness 
are of the same order in the thick- wall limit, except for 
the Vgrav. model, we obtain 

^max j ^max • 

e 

In the following, from the approximate expression (|27[) 
and (|29|) we evaluate the limits of the charge and the 
energy as e approaches the lower limit. 



(A) V 3 case 

The solution of K, 



is 



1 - VI - 2e 2 



(30) 



In the lower limit e 2 — > 0, we have 
fore, from ([2"7 l) -(l29 l . we find 



e 2 /2. There- 



Q, E, q, 0, (31) 
which agree with the numerical results in Table II. 

(B) V4 case 

From Vu, = 0, we obtain 



^max 

In the lower limit e 2 — > 
this and ([29]) into ([27j 

1 1 

e~2" 



1 - VI - 2e 2 
1 2 

0, we have <^ m , 
, we have 



(32) 

Substituting 



Q — uj— t 



00, 



1 1-2 2 



const. 



<1 



e° 
- 1 2 
e 1 



const., (33) 



which agree with the numerical results in Table III. This 
explains why the results between Q-tubes and Q-balls 
are different in this model while no qualitative difference 
appears in the V3 model. 



(C) Vgrav. case 
The solution of V u 



is 



(34) 



We note that dependence on K is exteremely large. <p max 
approaches zero in the lower limit e 2 — > — 00. Since i? m ax 
does not diverge, 



Q, E, q, e^0, 



(35) 



which agree with the numerical results in Table IV. 

In a realistic situation, we anticipate that Vg rav . has 
also the nonrenormalization term Vnr = /3<j) n where 
f3 > and n > 2. This does not change the qualitative 
behavior in the lower limit. However, in the upper limit, 
V u = has degenerate solutions as in Type I models. 
Therefore, we anticipate that the charge-energy relation 
for V^ ra v. with Vnr is similar to that for Type I solutions 
in the V3 model. 

(D) Vgauge case 
We should solve 



ln(l 



I 2 ) 

max / 



UJ 2 <t> 



2 

max 



(36) 



(29) In the lower limit e 2 — > 0, if we use Maclaurin expansion 



and neglect higher order terms O(0 max ), we have 



6 2 e 2 



b 4 . 
max 



(37) 



Then, we obtain 



</>max - E, (38) 

as in the V4 model. Therefore, the limit values are iden- 
tical to (|33p . which agree with the numerical results in 
Table V. We also understand why the results for V4 with 
> 1/2 and for Vg aug0 are qualitatively the same. 
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V. SUMMARY AND DISCUSSIONS 

We have made a comparative study of Q-balls and Q- 
tubes. First, we have investigated their equilibrium solu- 
tions for four types of potentials. The charge-energy re- 
lation depends on potential models. We have also noted 
that in some models the charge-energy relation is similar 
between Q-balls and Q-tubes while in other models the 
relation is quite different between them. To understand 
what determines the charge-energy relation, which is a 
key of stability of the equilibrium solutions, we have es- 
tablished an analytical method to obtain the two limit 
values of the energy and the charge. Our results have 



indicated how the existent domain of solutions and their 
stability depends on their shape as well as potentials. 
This method would also be useful for other Q-objects 
or those in higher-dimensional spacetime. These are our 
next subjects. 
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